The well-known "displace, cut and reflect" method used to generate disks from given solutions of Einstein field equations is applied to the superposition of two extreme Reissner-Nordström black holes to construct disks made of charged dust and also non-axisymmetric planar distributions of charged dust on the z = 0 plane. They are symmetric with respect to two or one coordinate axes, depending whether the black holes have equal or unequal masses, respectively. For these non-axisymmetric distributions of matter we also study the effective potential for geodesic motion of neutral test particles.
Introduction
Solutions of Einstein's field equations representing disk-like configurations of matter are of great astrophysical interest, since they can be used as models of galaxies or accretion disks. Disk solutions can be static or stationary and with or without radial pressure. Solutions for static thin disks without radial pressure were first studied by Bonnor and Sackfield [1] , and Morgan and Morgan [2] , and with radial pressure by Morgan and Morgan [3] . Other 2 Einstein-Maxwell Equations, Disks and Conformastatic Space-Times
We consider a static space-time with coordinates (t, x, y, z) and a line element of the form ds 2 = e ν(x,y,z) dt 2 − e λ(x,y,z) dx 2 + dy 2 + dz 2 .
The Einstein-Maxwell system of equations is given by
where all symbols have their usual meaning. We use geometric units G = c = 1. The method used to generate the metric of the disk and its material content is the well known "displace, cut and reflect" method that was first used by Kuzmin [25] and Toomre [26] to construct Newtonian models of disks, and later extended to general relativity (see, for example [6, 10] ).
The material and electric content of the disk will be described by functions that are distributions with support on the disk. The method can be divided into the following steps: First, in a space wherein we have a compact source of gravitational field, we choose a surface (in our case, the plane z = 0) that divides the space into two pieces: one with no singularities or sources and the other with the sources. Then we disregard the part of the space with singularities and use the surface to make an inversion of the nonsingular part of the space. This results in a space with a singularity that is a delta function with support on z = 0. This procedure is mathematically equivalent to making the transformation z → |z| + a, with a constant. In the Einstein tensor we have first and second derivatives of z. Remembering that ∂ z |z| = 2ϑ(z) − 1 and ∂ zz |z| = 2δ(z), where ϑ(z) and δ(z) are, respectively, the Heaviside function and the Dirac distribution, the Einstein-Maxwell equations give us
where T elm. µν is the electromagnetic tensor Eq. (3), Q µν is the energy-momentum tensor on the plane z = 0 and J ν is the current density on the plane z = 0.
For the metric Eq. (1), the non-zero components of Q µν are
where b µν denotes the jump of the first derivatives of the metric tensor on the plane z = 0,
and the other quantities are evaluated at z = 0 + . The electromagnetic potential for an electric field is
Using Eq. (11) and Eq. (7), the only non-zero component of the current density on the plane z = 0 is
where a µ denotes the jump of the first derivatives of the electromagnetic potential on the plane z = 0,
and the other quantities are evaluated at z = 0 + . The "physical measure" of length in the direction ∂ z for metric (1) is √ −g zz , then the invariant distribution is δ(z)/ √ −g zz . Thus the "true" surface energy density σ and pressures or tensions P are:
Since J µ =ρU µ , where
Let us now specialize metric Eq. (1) to a conformastat form by considering e ν(x,y,z) = V −2 (x, y, z) and e λ(x,y,z) = V 2 (x, y, z).
With this choice, in the absence of matter, the Einstein-Maxwell equations are satisfied provided (a) V satisfies Laplace equation and (b) the relation between V and the electric potential φ(x, y, z) is of the form (see, for example, [27] and the Appendix of [28] for a detailed deduction)
When static charged dust matter is included, the above conditions imply that charge density must be equal to the mass density. An interesting feature of conformastat metrics is that they permit the construction of complete asymmetrical relativistic configurations of matter in equibrium. With metric coefficients given by (16), we find the following expressions for the energy density and pressures Eq. (14)
With condition (17), Eq. (15) gives
where we have chosen the negative sign in Eq. (17) that corresponds to positive charges. Thus we have a distribution of charged dust matter where the charge density is equal to the mass density on the plane z = 0. We use now a particular form of the function V to construct disks and nonaxisymmetric distributions of ECD.
3 Aligned extreme Reissner-Nordström black holes on the z axis Electrovacuum solutions representing extreme Reissner-Nordström black holes in arbitrary positions in static equilibrium have been found by Majumdar [29] and Papapetrou [30] . Such solutions can be constructed because, as previously stated, the functions V (x, y, z) must satisfy Laplace equation and thus can be superposed. Suppose we have two extreme Reissner-Nordström black holes on z axis, the first with mass m 1 at z = 0 and the second with mass m 2 at z = −z 2 ( Fig. 1 ). For convenience we use cylindrical coordinates (t, R, z, ϕ). The function V representing the superposition is given by If we apply the "displace, cut and reflect" method to the system represented by Eq. (21), we have for the energy density Eq. (18):
where
Note that σ is always non-negative. In Fig. 2 we graph the energy density of the disk Eq. (22) as a function of R in two situations: in (a) we fix m 1 = 2, a = 1, z 2 = 1 and change m 2 , in (b) we fix m 1 = 1, m 2 = 1, a = 1 and change z 2 . In situation (a) we note that as m 2 is increased, the energy density is more uniformly distributed along the radius. In (b) z 2 = 0 corresponds to one black hole with mass m 1 = 2 (curve m 2 = 0 in (a)). The energy density on R = 0 assumes a minimum value when z 2 = 1, and then increases as z 2 is increased. The curve with z 2 = 1 × 10 6 (mass m 2 is very far away) corresponds to a disk generated solely by m 1 .
4 Aligned extreme Reissner-Nordström black holes on the y axis Now we take two extreme Reissner-Nordström black holes, with masses m 1 and m 2 , located at (x, y, z) coordinates (0, d/2, 0) and (0, −d/2, 0), respectively (Fig. 3) . The function V is written as
Using again the "displace, cut and reflect" method, we obtain an expression 
represents a non-axisymmetric distribution of matter on the z = 0 plane. In general it is symmetric only with respect to the y axis, but when m 1 = m 2 it is also symmetric with respect to the x axis. The extreme points (x c , y c ) of the energy density, given by ∇σ = 0, are x c = 0 and the roots of: We note that as d is increased, y c = 0 changes from a maximum to a local minimum point, and two other symmetrical extreme points appear. This is seen in Fig. 4(d) , where σ is plotted along x = 0 for cases (a), (b) and (c). The transition of the extreme point y c = 0 from a local maximum to a local minimum is determined by σ ,yy = 0 evaluated at (x c , y c ) = (0, 0). In the particular case when m 1 = m 2 = a = k, this becomes 3, there appear two maximum and one minimum extreme points y c , all in asymmetrical positions. This is pictured in Fig. 5(d) .
It is also interesting to study the effective potential of geodesic motion of neutral test particles for this kind of matter distribution. The Lagrangean associated with the metric (1) is where the dots indicate derivatives with respect to the parameter s. One of Lagrange's equations gives
For time-like geodesic motion on the xy plane, we may write
Thus we can define an effective potential V eff. as
For our matter distribution, Eq. (31) reads
Calculating ∇V eff. = 0, one obtains the extreme points x c = 0 and the roots of
For m 
As d is increased, y c = 0 changes from a maximum to a local minimum point, and two other symmetrical extreme points appear. This is seen in Fig. 6(d) , where V eff. is plotted along x = 0 for cases (a), (b) and (c). The transition of the extreme point y c = 0 from a local maximum to a local minimum is determined by (V eff. ) ,yy = 0 evaluated at (x c , y c ) = (0, 0).
which has a real root d = a √ 2. Fig. 7 2.5 there is one minimum extreme point y c . When d 2.5, there appear two minimum and one maximum extreme points y c , all in asymmetrical positions. This is pictured in Fig. 7(d) . 
Discussion
We applied the "displace, cut and reflect" method to a conformastat form of the metric to generate disks made of electrically counterpoised dust (ECD) in equilibrium. The seed metric used was two extreme Reissner-Nordström black holes placed along the symmetry axis. Non-axisymmetric matter distribution of ECD on the z = 0 plane were obtained from the metric of two extreme Reissner-Nordström black holes located along the y axis. To our knowledge no such configurations of matter satisfying Einstein's field equations exist in the literature. We studied the variation of the energy density distribution by varying the coordinate distance between the black holes as well as their masses. For equal black hole masses the energy density distribution is symmetric with respect to both the x and y axes, while for unequal masses it possesses symmetry only with respect to the y axis. The effective potential for geodesic motion of neutral test particles on the plane of such a matter distribution was also analysed.
Of course one could extend the procedure used in this paper to generate complete asymmetric planar configurations of ECD by putting N > 2 extreme Reissner-Nordström black holes in arbitrary positions on the xy plane and then applying the "displace, cut and reflect" method.
